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Abstract
This article treats the generalisation to brane dynamics of the covariant
canonical variational procedure leading to the construction of a conserved
bilinear symplectic current in the manner originally developped by Witten,
Zuckerman and others in the context of field theory. After a general presenta-
tion, including a review of the relationships between the various (Lagrangian,
Eulerian and other) relevant kinds of variation, the procedure is illustrated
by application to the particularly simple case of branes of the Dirac-Goto-
Nambu type, in which internal fields are absent.
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1. Introduction
The purpose of this article to consider the application to classical brane
mechanics of the general principles of covariant canonical variational analysis,
which provides a canonical symplectic structure, whose potential utility as
a starting point for the covariant construction of corresponding quantum
systems has been emphasised by Witten, Zuckerman, and others [1, 2, 3, 4,
5, 6, 7] in the context of relativistic field theories. The task of extending
such analysis from ordinary fields to branes (meaning systems with support
confined to a lower dimensional worldsheet) has recently been taken up by
Cartas-Fuentevilla [8, 9]. The necessary analysis has been facilitated by
the relatively new development [10, 11, 12] of suitably covariant methods of
geometrical analysis, which have already been shown to be far more efficient
than the more cumbersome (and error prone) frame dependent methods used
in earlier work for treating other problems, such as the divergences arising
from self interaction [13, 14, 15].
One of the questions that has arisen in this work is that of how the
conserved antisymmetric bilinear perturbation current that was obtained by
a different approach in my original perturbation analysis [10] of simple Dirac-
Nambu-Goto type branes is related to the closed symmetric structure of the
canonical treatment. The claim [8] that both approaches lead ultimately
to the same result was based on an argument that, in its original version,
depended on intermediate steps involving a questionable logical shortcut, but
the ensuing conclusion is fully confirmed by the more rigorous and complete
treatment provided here.
2. Brane variational principle
The present work will be concerned with the very broad category of con-
servative p-brane models whose mechanical evolution is governed by an action
integral of the form
I =
∫
L dp+1σ , (1)
over a supporting worldsheet with internal co-ordinates σi (i = 0, 1, ... p) ,
and induced metric ηij = gµνx
µ
,ix
ν
,j , in a background with coordinates x
µ ,
(µ = 0, 1, ... d) , (d ≥ p) and (flat or curved) space-time metric gµν , . The
relevant Lagrangian scalar density is expressible in the form
L = ‖η‖1/2L , (2)
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where L is scalar function of a set of field components qA – including
background coords and of their surface deriatives, qA,i = ∂iqA = ∂qA/∂σ
i .
The relevant field variables qA can be of internal or external kind, the most
obvious example of the latter kind being the background coordinates xµ
themselves.
The generic action variation,
δL = L
A
δqA + p i
A
δqA,i , (3)
specifies a set of partial derivative components L
A
and an associated set of
generalised momentum components p i
A
. According to variation principle,
the dynamically admissible “on shell” configurations are those characterised
by the vanishing of the Eulerian derivative as given by
δL
δqA
= L
A
− p i
A ,i
. (4)
In terms of this Eulerian derivative, the generic Lagrangian variation will
have the form
δL =
δL
δqA
δqA + (p i
A
δqA),i . (5)
There will be a corresponding pseudo-Hamiltonian scalar density
H = p i
A
qA,i − L , (6)
for which
δH = qA,iδp
i
A
− L
A
δqA . (7)
(The covariance of such a pseudo Hamiltonian distingushes it from the ordi-
nary kind of Hamiltonian, which depends on the introduction of some pre-
ferred time foliation.)
For an on-shell configuration, i.e. when the dynamical equations
δL
δqA
= 0 , (8)
are satisfied, the Lagrangian variation will reduce to a pure surface diver-
gence,
δL = (p i
A
δqA),i , (9)
and the correponding on-shell pseudo-Hamiltonian variation will take the
form
δH = qA,iδp
i
A
− p i
A ,i
δqA . (10)
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3. Canonical symplectic structure
It is evident from the preceeding work that the generic first order variation
of the Lagrangian will be expressible as
δL =
δL
δqA
δqA + ϑi ,i . (11)
in terms of the generalised Liouville 1-form (on the configuration space cotan-
gent bundle) that is defined by
ϑi = p i
A
δqA , (12)
Let us now consider the effect of a pair of successive independent varia-
tions δ´ , δ` , which will give a second order variation of the form
δ`δ´L = δ`
( δL
δqA
)
δ´qA +
δL
δqA
δ`δ´qA + (δ`p i
A
δ´qA + p i
A
δ`δ´qA),i . (13)
Thus using the commutation relation δ`δ´ = δ´δ` one gets
δ`
( δL
δqA
)
δ´qA − δ´
( δL
δqA
)
δ`qA = ´̟` i ,i , (14)
where the symplectic 2-form (on the configuration space cotangent bundle)
is defined by
´̟` i = δ´p i
A
δ`qA − δ`p i
A
δ´qA . (15)
For an on-shell perturbation we thus obtain
δL
δqA
= 0 ⇒ δL = ϑi ,i , (16)
while for a pair of on-shell perturbations we obtain
δ´
( δL
δqA
)
= δ`
( δL
δqA
)
= 0 ⇒ ´̟` i ,i = 0 . (17)
The foregoing surface current conservation law is expressible in shorthand
notation as the condtion
̟i ,i = 0 , (18)
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in which the closed (since manifestly exact) symplectic 2-form (15) is specified
using concise wedge product notation as
̟i = δ ∧ ϑi = δp i
A
∧ δqA . (19)
It is to be remarked that some authors prefer to use an even more concise
notation system in which it is not just the relevant distinguishing (in our
case acute and grave accent) indices that are omitted but even the wedge
symbol ∧ that indicates the antisymmetrised product relation. However
such an extreme level abbreviation is dangerous in contexts such as that of
the present work in which symmetric products are also involved, as is shown
by the example [8] discussed below, in which a formula involving a symmetric
product was applied as if it were an antisymmetric product.
4. Translation into strictly tensorial form.
In accordance with the strategy [10] of avoiding the supplementary gauge
dependence involved in the use of auxiliary structures such as local frames
and internal surface coordinates by working as far as possible just with quan-
tities that are strictly tensorial with respect to the background space, it will
be preferable for many purposes to translate the surface current densities
whose components ϑi and ̟i depend on the choice of the internal coordi-
nates σi , into terms of the corresponding vectorial quantities, which will
have strictly tensorial background coordinate components given by
Θν = ‖η‖−1/2xν,iϑ
i , Ων = ‖η‖−1/2xν,i̟
i . (20)
These currents will have strictly scalar surface divergences given in terms of
the corresponding scalar densities by
∇νΘ
ν = ‖η‖−1/2ϑi ,i , ∇νΩ
ν = ‖η‖−1/2̟i ,i (21)
where ∇ is the surface projected covariant differentiation operator defined
in terms of the fundamental tensor ηµν = ηijxµ,ix
ν
,j by ∇ν = η
µ
ν∇µ .
By the preceeding analysis, a Liouville current conservation law of the
form
∇νΘ
ν = 0 (22)
will hold for any symmetry generating perturbation, i.e. for any infinitesimal
variation δqA such that δL = 0 , and a symplectic current conservation law
of the form
∇νΩ
ν = 0 (23)
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will hold for any pair of perturbations that are on-shell, i.e. such that
δ(δL/δqA) = 0 .
5. Covariant variation formulae
For physical evaluation of quantities the Liouville and symplectic currents
Θµ and Ωµ it is often more convenient to work with something less cordinate-
gauge dependent than the simple worldsheet based field component variations
δqA used in preceding work.
In particular if the field component qA is of a kind that is defined over the
background – not just confined to brane worldsheet with internal coordinates
σi – then with respect to a given system of external coordinates (which might,
for example, be of Minkowski type if the background is flat) in terms of which
∂iqA = x
µ
,i∂µqA , the field will have an Eulerian (fixed background) variation
E
δqA that is well defined independently of any choice of the internal coordinates
σi , unlike the simple brane worldsheet variation, which will be given in terms
of the relevant displacement vector, ξµ = δxµ , by
δqA =
E
δqA + ξµ∂µqA . (24)
When one is dealing with a background field that is not simply a scalar
but of a more general tensorial nature, it will commonly be desirable to go
on to convert the Eulerian variation formula
E
δ = δ −~ξ · ∂ (25)
into terms of covariant derivation as given by
~ξ ·∇ = ~ξ · ∂ + {~ξ · Γ} (26)
where {~ξ ·Γ} is purely algebraic operator involving contractions with 2-index
quantity (~ξ · Γ)µν = ξ
ρΓ µρ ν , as exemplified, for a vectorial (e.g. Killing) field
kµ , or a covectorial (e.g. Maxwellian) form Aµ , by
{~ξ · Γ}kµ = (~ξ · Γ)µνk
ν , {~ξ · Γ}Aµ = −(~ξ · Γ)
ν
µAν . (27)
Alternatively, instead of using the connection dependent covariant deriva-
tive, it may be more appropriate to work with the corresponding Lie derivative,
as given by a prescription of the form
~ξ–L = ~ξ · ∇ − {∇ξ} , (28)
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in which the operator {∇ξ} acts by contractions with the displacement
gradient tensor ∇νξ
µ, in the manner exemplified respectively for a vector
kµ , or a 1-form (i.e. covector) Aµ , by the formulae
{∇ξ}kµ = kν∇νξ
µ , {∇ξ}Aµ = −Aν∇µξ
ν . (29)
It can be seen that connection cancels out, so that the prescription (28) will
be equivalently expressible in terms just of partial derivative components
∂νξ
µ as
~ξ–L = ~ξ · ∂ − {∂ξ} . (30)
Another kind of variation that is particularly important in the context of
brane mechanics – because (unlike the Eulerian, covariant, and Lie deriva-
tives) it is always well defined even for fields whose support is confined to the
brane worldsheet – is what is known as the Lagrangian variation, meaning
change with respect to background coordinates that are dragged by displace-
ment. In the case of a field that is not confined to the brane worldsheet,
so that its Eulerian variation is well defined, this latter kind will be related
to the corresponding Lagrangian variation by the well known Lie derivation
formula
L
δ =
E
δ +~ξ–L . (31)
Yet another possibility that may be useful is to express the Eulerian (fixed
background point) variation in the form
E
δ =
Γ
δ −~ξ ·∇ , (32)
where parallely transported variation defined – not just for background field,
but also for tensor confined to brane – by
Γ
δ = δ + {~ξ · Γ} , (33)
using operator notation introduced above.
Unlike the covariant and Lie derivations ~ξ ·∇ and ~ξ–L and unlike the Eu-
lerian variation
E
δ , the parallel variation
Γ
δ shares with the Lagrangian vari-
ation
L
δ the important property of being well defined not just for background
fields but also for fields whose support is confined to the brane worldsheet.
The Lagrangian variation
L
δ will always be expressible directly in terms of
the corresponding parallel variation
Γ
δ by a relation of the form
L
δ =
Γ
δ − {∇~ξ} , (34)
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in which it can be seen that connection dependence cancels out, leaving an
expression of the simple form {∇~ξ}
L
δ = δ − {∂~ξ} , (35)
where the action of the algebraic operator {∂~ξ} is exemplified for a vector
kµ , or a covector Aµ , by the respective formular
{∂~ξ}kµ = kν∂νξ
µ , {∂~ξ}Aµ = −Aν∂µξ
ν . (36)
In conclusion of this overview of the relationships between the various
kinds of infinitesimal variations that are commonly useful, it is to be men-
tionned that in literature dealing with purely non relativistic contexts in
which it is possible (though not necessarily wise) to work exclusively with
space coordinates of strictly Cartesian (orthonormal) type, the variations of
the kind referred to here as “parallel” are generally described as “Lagrangian”
by many authors. That usage does not necessarily lead to confusion, because
for scalars the distinction does not arise, and because such authors systemat-
ically eschew the use (and the technical advantages) of Lagrangian variations
of the fully comoving kind (that is considered here) by working exclusively
with tensor components that are evaluated in terms only of orthonormal
frames.
6. Evaluation in terms of Lagrangian variations.
In typical applications, the relevant set of configuration components qA
will include a set of brane field components ϕα as well as the background
coords xµ , so that in terms of displacement vector ξµ = δxµ the Liouville
current will take the form
Θν = ‖η‖−1/2xν,i(pα
i δϕα + p iµ ξ
µ) = πα
ν δϕα + π νµ ξ
µ , (37)
in which the latter version replaces the original momentum components by
corresponding background tensorial momentum variables that are defined by
πα
ν = ‖η‖−1/2 xν,i pα
i (38)
and
π νµ = ‖η‖
−1/2 xν,i p
i
µ (39)
.
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In order to obtain an analogously tensorial formula for the symplec-
tic current 2-form, it is convenient, as a first step, to take advantage of
the symmetry property Γ νµ ρ = Γ
ν
ρ µ, of the Riemannian connection of the
background spacetime metric, which allows substitution of parallel variation
Γ
δp iµ = δp
i
µ − Γ
ν
µ ρp
i
ν ξ
ρ for δp iµ so as to provide an expression of the form
Ων = ‖η‖−1/2xν,i(δpα
i ∧ δϕα +
Γ
δp iµ ∧ ξ
µ) . (40)
The next step is to evaluate the relevant momentum variations in terms of
the corresponding Lagrangian variations, using the formulae
‖η‖−1/2xν,i δpα
i =
L
δπα
ν + πα
ν∇ρξ
ρ , (41)
and
‖η‖−1/2xν,i
Γ
δp iµ = Lδπ
ν
µ − π
ν
ρ ∇µξ
ρ + π νµ ∇ρξ
ρ . (42)
The advantage of Lagrangian variations is their convenience for relating
the relevant intrinsic physical quantities via the appropriate equations of
state.
7. The simply elastic category
The illustration that follows will be restricted to the simply elastic cate-
gory (including the case of an ordinary barotropic perfect fluid) in which –
with respect to a suitably comoving internal reference system σi – there are
no independent surface fields at all – meaning that the ϕα and the pα
i are
absent – and in which the only relevant background field is the metric gµν
that is specified as a function of the external coordinates xµ .
In any such simply elastic case, the generic variation of the Lagrangian
is fully determined by the relevant surface stress momentum energy density
tensor T µν according to the standard prescription δL = 1
2
‖η‖1/2 T µν
L
δgµν ,
whereby T µν is specified in terms of partial derivation of the action density
with respect to the metric. In a fixed background (i.e. in the absence of any
Eulerian variation of the metric) the Lagrangian variation of the metric will
be given, according to the formula (31), by
L
δgµν = ~ξ–Lgµν = 2∇(µξν) . By
omparing this to canonical prescription δL = Lµξ
µ + p iµ ξ
µ
,i with ξ
µ = δxµ
it can be seen that the relevant partial derivatives will be given by the (non-
tensorial) formulae Lµ = ‖η‖
1/2 Γ νµ ρTν
ρ and p iµ = ‖η‖
1/2 T µνη
ijxν,j .
The next step is to translate the result into background tensorial form.
It can be seen from the preceding work that in the simply elastic case, the
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canonical momentum tensor πµ
ν and the Liouville current Θν will be given
just in terms of surface stress tensor T µν by the very simple formulae
πµ
ν = T µ
ν , Θν = T µ
νξµ . (43)
In order to proceed, we must consider the second order metric varia-
tion, whereby (following Friedman and Schutz [16]) the hyper Cauchy tensor
(generalised elasticity tensor) Cµνρσ = Cρσµν is specified [11] in terms of
Lagrangian variations by a partial derivative relation of the form
L
δ(‖η‖1/2 T µν) = ‖η‖1/2Cµνρσ
L
δgρσ (44)
. The symplectic current is thereby obtained in the form
Ων = (2C ν σµ ρ ∇σξ
ρ + T νρ∇ρξµ
)
∧ ξµ . (45)
8. The simple the Dirac Goto Nambu case
The perfectly elastic category to which the formula (45) is applicable
includes examples such as the case (to which much attention has been given
in recent work on cosmology) of 3-brane world model with a matter content
consisting of a barotropic perfect fluid matter.
The consideration of such cases will however be left for future work, while
the present article will be concluded by the treatment of the relatively trivial
special case of a Dirac-Goto-Nambu type brane, i.e. a brane on which their
are no internal fields at all, so that the Lagrangian scalar L introduced in
(2) will simply be a constant, which will be expressible in the form
L = −mp+1 (46)
for some fixed mass scale m .
In terms of the of tangential and orthogonal projectors ηµν and ⊥
µ
ν =
gµν − η
µ
ν , it can be seen that for the Dirac-Nambu-Goto case characterised
by (46) the surface stress energy momentum density tensor will be given by
an expression of the familiar simple form
T µν = −mp+1ηµν (47)
while the generalised Cauchy tensor will be obtained [11] in the (less well
known) form
Cρσµν = mp+1(ηµ(ρησ)ν −
1
2
ηµνηρσ) . (48)
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It can thus be seen that the canonical symplectic current (45) will be given
explicitly by the formula
Ων = mp+1(ηνσ⊥µρ + 2η
[ν
µ η
σ]
ρ )ξ
µ ∧ ∇σξ
ρ . (49)
It can now be checked by direct comparison that this canonical symplectic
current does indeed agree with the antisymmetric bilinear current that I
originally obtained [10] by a rather different approach. The claim by Cartas-
Fuentaevilla that this bilinear current is of canonical (closed since exact) type
is thereby confirmed.
The reason why the original argument to this effect [8] was not entirely
convincing was that it depended on an assumption to the effect that ξν∧∇νξ
µ
should vanish. The meaning of this condition is that the pair of displace-
ment vector fields involved should commute, something that could always be
imposed for a brane in the restricted sense (but not for not for the dimension-
ally maximal limit case of a space filling fluid or solid medium) by using the
gauge freedom to make arbitrary adjusments of the choice of the displace-
ment field off the world sheet where it has no physical effect. However instead
of being invoked as a (perfectly legitimate) choice of gauge, the commuta-
tor was expressed using the dangerously ambiguous abbreviation scheme in
which the wedge symbol ∧ was omitted so that it took the form ξν∇νξ
µ ,
whose vanishing was accounted for on the basis of a reinterpretation as if the
product were of symmetric type, involving just a single displacement vector
field ξν , which was thereby required to be geodesic. It happens that this
(unnecessary and insufficient) condition of geodicity could also (if genuinely
needed) be imposed (on one but not both of the commuting vector fields) as
a choice of gauge off the worldsheet, but it was unjustifiably alleged [8] to be
implicit as a necessity for my method of analysis [10].
Despite of the fact that it does not have to apply in general, the consider-
ation that the litigious intermediate requirement (namely the simplification
provided by the vector commutation condition, not to mention the quite re-
dundant geodicity condition) that was invoked [8] can actually be imposed as
an admissible choice of gauge, means that if used more carefully it could after
all provide a logically valid chain of reasonning leading to the final (gauge
invariant) conclusion – albeit by a route that is less explicit and direct than
that of the present article (which makes no use of any gauge restrictions at
all).
To complete this clarification, I would emphasise that my method does
not depend on any (geodesic or other) restriction on the choice of the dis-
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placement vector field off the world sheet. (This means that the method
is applicable, not just to branes in the restricted sense, but also to ordi-
nary space filling solids and fluids, for which there cannot be any freedom
to adjust the displacement field, because no off shell region is available.) As
discussed in more detail in a more recent review [17], my system of analysis
does indeed involve the use of geodicity: however it is not invoked as as a
restriction on the infinitesimal displacement field ξν but merely as a means
of using an (entirely arbitrary) infinitesimal displacement field to specify a
corresponding finite displacement.
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